Abstract: A distributed-site non-aqueous phase liquid (NAPL) dissolution model that can capture the physical process of dissolution is presented. The model uses a Pareto distribution of effective interfacial area and a correlation for the mass transfer. Model parameters are obtained using a formal constrained non-linear optimisation technique. The model is applied on effluent data from two soil column experiments. The results of the Pareto distributed site model, with only two parameters to fit, were compared to two-site and multi-site models as well as the beta distributed-site model. The Pareto distributed-site model produces equal or smaller error estimates than the other models.
Introduction
Groundwater pollution is a widespread and urgent problem in many parts of the world, faced by developing and developed nations alike. Some of the most important sources of groundwater pollution result from uncontrolled releases and spills of organic liquids that are immiscible with water. Since these chemicals do not mix with water, they are termed non-aqueous phase liquids or NAPLs for short.
A challenge that many municipalities face worldwide is the wide use of these chemicals and their resistance to classic remediation schemes. This is especially exacerbated by the fact that the drinking water standards for many of the NAPL constituents are orders of magnitude below their aqueous solubilities. For example, the drinking water standard for benzene, a major component of gasoline, is 0.005 mg/L, whereas benzene's water solubility is around 1,780 mg/L.
Sources of such NAPLs include leaking underground storage tanks at gasoline stations and industrial sites, above ground spills of chemicals that may reach groundwater, etc. These chemicals fall in two broad categories according to their specific gravity. Light non-aqueous phase liquids (LNAPLs) are lighter than water and tend to float, and include gasoline and other refined petroleum products. On the other hand, dense non-aqueous phase liquids (DNAPLs) are denser than water, and tend to migrate downward through the groundwater aquifer until they accumulate on capillary barriers. Examples of DNAPL are chlorinated solvents (Mercer and Cohen, 1990; Miller et al., 1990; Guiguer, 1991; Imhoff et al., 1993) . The remediation of NAPL compounds is complicated by the fact that at most sites, these chemicals occur as a complex mixture, with compounds of varying concentrations, physical-chemical characteristics and with different effects on public health and the environment.
Mathematical modelling is an indispensable tool in the assessment of the risk of NAPL pollution in groundwater, and in the design of remediation schemes. Modelling NAPL dissolution is complicated by the mass transfer limitations between the NAPL and aqueous phases. This is especially true when the groundwater system is dominated by advection, and when the area of interface between the NAPL blobs and the flowing groundwater is small.
Two types of models that can accommodate mass transfer limited dissolution are the multi-site and phenomenological models. In multi-site models, the NAPL is assumed to be divided into several mass transfer limited regions containing a NAPL mass and a mass transfer coefficient. The two-site model is a special case of the multi-site model and assumes that there are two types of dissolution sites within the media: a 'fast' site, and a 'slow' mass transfer limited site. This model requires a parameter to define the mass distribution between the fast and slow sites, an equilibrium partitioning coefficient for fast site, and one mass transfer coefficient for each NAPL constituent in the slow region (Borden and Kao, 1992; Rixey, 1996) . One limitation of the two-site model is that the entire range of mass transfer limited dissolution must be described using a single mass transfer coefficient. The multi-site model requires additional mass transfer limited sites to create a better fit to the column data. Consequently, a large number of fitting parameters are needed to match multi-component dissolution data.
Another class of dissolution models is the phenomenological-based model (Powers et al., 1994a (Powers et al., , 1994b , developed to provide additional theoretical support for the use of non-equilibrium assumption in dissolution modelling. This approach uses an estimate of NAPL blob geometry, mass transfer coefficients and a driving force across an interfacial area to calculate the flux of organic constituents from the NAPL to the aqueous phase (Miller et al., 1990) . Although the phenomenological models provide a priori estimate of the mass transfer rate constants, the rate constants estimated from these correlations may be too high to explain the asymptotic regions observed in other studies (Borden and Kao, 1992; Rixey, 1996) .
The model used in this work is based on the Distributed-Site (DS) model developed by Hamed et al. (2000) . Their model was based on applying a four-parameter beta distribution model to fit the distribution of effective interfacial area of NAPL blobs to account for mass transfer limitations in the NAPL dissolution. The DS model can generate a multi-site dissolution model using fewer fitted parameters than are required with multi-site or two-site models (Hamed et al., 2000) . The model of Hamed et al. is hereafter referred to as the non-optimised Beta DS model. A grid search process was used to arrive at the fitting parameters, which include the Beta distribution four parameters, the maximum volume multiplier, and the parameter describing the interfacial-to-actual surface area parameter, i.e., six parameters. Since no optimisation mechanism was used in their work, the parameters may have been suboptimal.
In this work, we build on the previous work of the non-optimised Beta distributed site model, improving it in two facets: first using a formal optimisation technique to reach an optimal set of parameters, but mainly to develop a more efficient approach (the Pareto Distributed-Site model) in that the approach presented herein: (a) utilises the two-parameter Pareto distribution, which could simulate an exponential decay function, but uses a fewer number of fitting parameters compared to the Beta distribution; (b) employs the parameter describing the interfacial-to-actual surface area as an empirical formula related to one of the Pareto parameters; (c) makes use of formal constrained non-linear optimisation to arrive at the optimal set of fitting parameters and (d) is applied to a dataset for which the non-optimised Beta DS model may have provided a suboptimal fit. The Pareto Distributed Site model is hereafter referred to as the Pareto DS model. The Pareto DS model handles the physical nature of dissolution through the process of (a) representing the distribution of the NAPL blobs using the Pareto distribution, (b) incorporating mass transfer limitation in a multi-component context and (c) updating the size distribution of the NAPL as time progresses. This will be explained further in the following sections.
The Distributed Site (both the optimised Beta and Pareto DS) modelling approach is applied to the results of two soil column experiments, and the fitting shows that the optimised Beta DS and Pareto DS models are efficient in matching the effluent data. Moreover, the model fit is compared with published results of the two-site and multi-site models as well as the non-optimised Beta DS model.
Pareto distributed-site modelling
The Distributed-Site (DS) (whether Beta DS or Pareto DS) model addresses the apparent mass transfer limitations originally simulated in existing models. The DS model uses a distribution of effective interfacial area and an established correlation for the mass transfer coefficient to calculate mass transfer rate constants. The DS model differs from the multi-site model in that the former obtains the fitting parameters through fitting the probability distribution of the NAPL blobs, idealised as spheres, whereas the multi-site model obtains the fitting parameters purely from data fitting. The distributed-site model draws on the Phenomenological model's simulation of NAPL dissolution by characterising the trapped NAPL geometry and using published mass transfer relationships. However, the Phenomenological model was not used to simulate a broad range of effluent concentrations, nor did it show the long-term tailing apparent in column data.
The steps involved in the modified Pareto DS model, are as follows.
• Approximate NAPL blob size with a Pareto distribution.
• Discretise the Pareto distribution into 'histogram bins', with each bin corresponding to an average NAPL blob size.
• Calculate the surface area of the sphere represented in each 'bin'.
• Calculate an effective surface area for mass transfer by multiplying the calculated surface area by a factor F, which is in turn a function of the NAPL sphere volume as well as a Pareto parameter. The factor F accounts for the smaller surface area in contact with the aqueous phase at higher NAPL saturations.
• Calculate a mass transfer coefficient using the mass transfer correlation and effective surface area to describe NAPL dissolution.
• Recalculate NAPL in each 'bin' at each time step to describe the evolution of NAPL dissolution.
The Pareto distribution was selected to model the initial NAPL blob size distribution owing to its resemblance to the exponential distribution, but with two parameters instead of one, as it is the case in exponential distribution. The Pareto distribution adds flexibility to the exponential distribution as it can mimic any exponential type decay. Named after the Italian economist Vilfredo Pareto, the Pareto distribution is a power law distribution found in a large number of real-world situations. It can be made to represent many different exponential decay shapes (Reed, 2001) . It is used in water resources domain for modelling partial duration series in frequency analysis, as it is adequate to describe events which exceed a specified lower bound. If the underlying distribution of the annual maxima is a Generalised Extreme Value (GEV) distribution, the partial duration series follow a Pareto distribution. The probability density function (pdf) and the Cumulative Distribution Function (CDF) of the Pareto distribution are given, respectively, by (Stedinger et al., 1993) :
and CDF. x Distribution variable and its range is 0 ≤ x ≤ α/k.
The two-parameter Pareto distribution is shown in Figure 1 . It is essentially a more flexible type of exponential distribution, depending on the speed of decay governed by the k parameter. The exponential distribution is a special case of the Pareto distribution assigning a value of zero to the k parameter. In this work, and in order to reduce the number of parameters to be optimised, the shape parameter k was assumed to be equal to the scale parameter α. This reduced the Pareto flexibility, but it remains more flexible than the exponential distribution since the shape parameter is not equal to zero. To perform the numerical solution, the distribution is discretised into 'histogram bins'. Figure 2 summarises this process. As reported by Hamed et al. (2000) , the number of bins used to approximate the sphere distribution is a trade-off between more accurately representing the Pareto distribution and a more manageable model run time. For the simulations presented in this work, ten bins were used to fit the first dataset and 200 bins for the second dataset. This was found to provide a good balance between run time and accuracy. We followed the same assumption of Hamed et al. (2000) of having many small blobs (resulting in fast mass transfer) and few large blobs (corresponding to slow mass transfer), which is reflected in our choice of an exponentially decreasing Pareto distribution. Each of the bins represents a single sphere volume, and thereby, an effective surface area:
where A eff is the effective surface area [L 2 ], r s is the sphere radius [L] and F is the fraction of the surface area of the NAPL body available for mass transfer, which was assumed governed by the following expression
where V p is the volume of a source zone pore body [L 3 ], and V s is sphere volume [L 3 ]. Note that this expression decreases the fraction of available area for mass transfer for larger blob sizes. The effective surface area term accounts for the lower effective surface area owing to differences in the water flow path and velocity. Figure 3 illustrates how the factor F and consequently the effective surface area of the NAPL spheres change with NAPL sphere diameter. The exponent on the denominator (1/ α in this work) was selected in this matter in order not to add another parameter to be optimised. This form was selected, as the denominator in equation (4) should be an increasing value, so as to reduce the effective surface area greatly as the volume increases. Note that the Pareto α-parameter takes values less than 1.0. A number of expressions were tested, and the expression shown in equation (4) was viewed to achieve two goals: achieving a good fit to the experimental data, capturing the physical processes involved and reducing the number of fitting parameters.
Figure 3
The relationship between the sphere diameter and the effective surface area. The ratio of the effective area to the sphere area is the F-Factor calculated in this work as equal
After the discretisation, a linear concentration gradient mass transfer model is applied to the effective surface area available for mass transfer. Following mass transfer calculations, the composition and the size of the spheres are updated. Mass transfer was interpreted in terms of a NAPL-aqueous film controlled mass transfer process. Following the same procedure of Hamed et al. (2000) and combining the empirical Sherwood Number relationship (Wilson and Geankoplis, 1966) with the definition of the Sherwood and the Peclet Numbers, a relationship for the film transfer coefficient k fi ] can be obtained: 1 0.67 0.33 0.67
which is multiplied by the effective surface area available for mass transfer to obtain the lumped mass transfer
The porosity was determined to be 0.3 for both data sets used in this work. The initial NAPL saturation can be expressed as the initial NAPL % volume divided by the pore space in the source zone. Water saturation is the compliment to the NAPL saturation. This model assumes that, in each new time step, clean water advects into the source zone. Therefore, the concentration gradient is always based on the effective saturation concentration for the component and clean water. The characteristic length, taken as NAPL sphere diameter, is discretised per individual bins. Within a given bin, the characteristic length will be updated through the time marching process. Darcy velocity is the superficial velocity obtained by dividing the flow rate through the column over the cross sectional area of the column.
The diffusivities of the compounds were estimated based on the Hayduk and Laudie approach (Lyman et al., 1982) , which states that 5 1.14 0.589 13.26 10 . The lumped mass transfer coefficient can then be used to calculate the change in mass per unit time based on a linear driving force approximation (Cussler, 1984) : ]. The time step size is determined by the stability requirements for the advection solution. The program solves for dM i for each of the components and checks to see if sufficient constituent mass exists in the NAPL for mass transfer. Following mass transfer, the composition and geometry of the NAPL in each of the bins is updated to reflect the dissolution of NAPL components. Theoretically, smaller blobs would dissolve at a much faster rate than larger blobs. This is mainly because smaller blobs have larger surface area to volume ratio that allows water to come in contact with more of the blobs. Larger blobs, on the other hand, dissolve at a much slower rate owing to the smaller surface area to volume ratio, and the various other mass transfer limitations mentioned before. Figure 4 illustrates the sequence of steps taken in the DS modelling approach. In essence, the modelling assumptions allow the DS model to generate a multi-site dissolution model using much fewer parameters than would normally be required. The DS method allows us to collapse the requirements of the multi-site model into the DS model's NAPL geometry and mass transfer assumptions. Therefore, the fitting parameters needed for the Pareto DS model are: (1) only one parameter to determine the Pareto distribution, and (2) a parameter to set the maximum sphere size considered by the model. The first parameter is 'α' since we have limited 'k' to take the same values of α.
The second parameter, which is referred to as the 'maximum volume multiplier', reflects the number of single pore bodies that the largest blob considered in the model occupies.
Experimental setup
The model was validated/verified using two data sets from a soil column conducted at the University of Houston by Garg and Rixey. The experiments were conducted such that the source and the column were separate pieces of apparatus connected by glass tubing and a stainless steel compression fitting with PTFE ferrules. A simplified diagram of the apparatus is shown in Figure 5 . Source: Nelson (1997) In the first experiment, four hydrocarbons of varying volatility were used. Benzene (99+%) was obtained from Fisher Scientific, m-xylene (99%) from Aldrich, toluene (99+% purity) from Scientific Products and naphthalene (99+%) from Sigma. These compounds were dissolved in tridecane (99+%) from Aldrich to provide a model NAPL phase with the following weight fractions: benzene, 0.0512; toluene, 0.525; m-xylene, 0.102 and naphthalene, 0.0497. In addition to the four volatile compounds described above, five semi-volatile polynuclear aromatic compounds were used. Phenanthrene (96%), pyrene (98.7%), chrysene (99%) and benzo(a)pyrene (98%), all obtained from Sigma; and fluorene (98%) was obtained from Aldrich.
The source zone was comprised of a glass frit with pores, which were 15-20 µm in diameter. This glass frit had dimensions of 3.8 cm × 3 mm and was fused in the centre of a glass cell which was tapered at the inlet and outlet to provide for distribution of flow. Prior to use, the glass frits were sequentially rinsed with deionised water, methanol and again deionised water before being heated in an oven at 450°C for four hours. The glass frit and glass cell were then autoclaved (20 minutes at 125°C). The tridecane mixture was added in equal increments to 40-50 locations on the glass frit. A total of 50 µl was added to the glass frit using a 50-µl syringe. Separate experiments with tridecane containing dyed manometer oil showed that the tridecane spread uniformly throughout the cross section and thickness of the frit. Also in separate experiments, deionised water was passed through the frit and flow was observed to pass uniformly from the downstream side of the glass frit. Separate X-ray computer tomography scans of the source zone also indicated that the tridecane is distributed evenly through the glass frit.
Glass beads made of borosilicate glass (30-50 µm in diameter), obtained from Polysciences Inc., were used as porous media. The beads were pyrolyzed for 3½ hours at 450°C before packing into the column. The column was packed by adding 0.005 M CaCl 2 solution and glass beads in small increments. Over a 100 increments were used to pack the entire column. The ends of the columns were plugged with glass wool to prevent any loss of the porous media. The effluent from the column was allowed to flow into a 50-ml glass syringe, through a three-way valve, to ensure zero head space during the entire sampling. Once the syringe was full, the sample was transferred using the three-way valve to 40 ml EPA vials (Fisher Scientific). Separate studies indicated that the loss of volatile compounds over a 24-hour period was approximately 5%. This loss did not increase when the holding time of the sample in the syringe was increased to 72 hours, suggesting that the loss is probably during the step when the sample from the syringe is transferred to the vials.
The apparatus was designed in this way to yield limited exposure of polymer to the aqueous solution to minimise potential sorption of organic compounds which could seriously impact the interpretation of long-term, column dissolution behaviour at low concentrations (<10 µg/l).
The second experiment used the same experimental set-up explained above, employing a very different NAPL instead; one composed of 95% xylene and 5% benzene. This NAPL did not contain the large, essentially insoluble portion that the first NAPL did, and as a result, resulted in 'completely shrinking' spheres.
Model limitations and assumptions
It is important to note that the processes governing the mass transfer of residual NAPL in the subsurface are not well understood. Several processes are thought to be at work (including bypassing, the effect of complex geometries on the interfacial area available for mass transfer, the continually changing shape of residual blobs, etc.) (Nelson, 1997) . The distributed-site model, and its variant the Pareto model, rely on only one mechanism to account for all mass transfer limitations: NAPL spheres of differing size with an effective surface area available for mass transfer that is solely dependent on that size. While the different geometries of residual NAPL are thought to be involved in the mass transfer limitations, this cannot be expected to account for all of these limitations. The main advantage of the approach outlined in the paper is that by using reasonable assumptions the model is able to capture the mass transfer behaviour of a very complex dissolution phenomena.
Grid search and optimisation
Since only two parameters are to be fitted for the Pareto DS model, a discrete grid search approach over the two dimensional sample space was possible. The purpose of this discrete grid search is to identify the error surface and to support the need for a formal optimisation to determine the optimum parameter set. The Pareto DS model grid search will only be shown for the first dataset. The α Pareto parameter in this grid search ranged from 0.06 to 0.3, with a step of 0.01; and the maximum volume multiplier ranged from 25 to 60, with a step of 5. The Sums of the Squared Errors of the Logarithms (SSEL) for each of the three NAPL constituents (benzene, toluene and m-xylene) were calculated for each grid point. The SSEL is defined as: Because the empirical data span across more than four orders of magnitude, it is important not to over-weight the errors generated during the initial portion of the model run; therefore, the log 10 of both the model effluent and the data is taken prior to the calculation of the error. To ensure that under and over-estimation of the empirical data by the model do not cancel each other out, the errors are squared. The squared errors for each of the model runs are then summed across all comparisons points. A contour plot illustrating the SSEL is shown in Figure 6 (a)-(c). The contour plot depicts three potential regions (shown encircled with dashed lines) for optimum values of the parameters which are tabulated in Table 2 . A constrained optimisation technique was carried out to find the optimum set of parameters for both the Beta and Pareto DS models. In constrained optimisation, the general aim is to transform the problem into an easier subproblem that can then be solved and used as the basis of an iterative process. Methods translating the constrained problem to a basic unconstrained problem by using a penalty function for constraints are now considered relatively inefficient and have been replaced by methods that have focused on the solution of the Kuhn-Tucker (KT) equations. The KT equations are necessary conditions for optimality for a constrained optimisation problem. If both the objective function and the constraints are convex functions, then the KT equations are both necessary and sufficient for a global solution point (Matlab, 2000) . The optimisation scheme selected for obtaining the optimal fitting parameters in this work was the Sequential Quadratic Programming (SQP) method. In this method, a Quadratic Programming (QP) subproblem is solved at each iteration. An estimate of the Hessian of the Lagrangian is updated at each iteration using the Broyden, Fletcher, Goldfarb and Shanno (BFGS) quasi-Newton method (Fletcher and Powell, 1963; Goldfarb, 1970) . A line search is performed using a merit function similar to that proposed by Han (1977) and Powell (1978a Powell ( , 1978b . The QP subproblem is solved using an active set strategy similar to that described by Gill et al. (1981) .
To find the optimum set of parameters that best fits the dataset of the first experiment for both the Beta and Pareto DS models, optimisation was carried out four times for each model as described below • optimisation run no. A1 minimising the Sum of Squared of Error of the Logarithms (SSEL) for benzene • optimisation run no. A2 minimising the SSEL for toluene
• optimisation run no. A3 minimising the SSEL for m-xylene
• optimisation run no. A4 minimising the sum of the SSEL for the three NAPL constituents.
For the dataset of the second experiment, optimisation was carried out three times, since only two components are present: benzene (referred to as B1 optimisation) and m-xylene (B2). The objective of the third optimisation run (B3) was to minimise the sum of the SSEL for the two components. Table 3 shows the optimised set of parameters resulting from the four optimisation runs of the first dataset (A1-A4) along with the SSEL for the model fits of each of the three NAPL constituents. Table 3 (a) shows the results for the Pareto DS model and Table 3 (b) for the Beta DS model. The table shows that the Maximum Volume Multiplier parameter for the Pareto DS model is quasi stable around a value of 30 for the first dataset (optimisation runs referred to with the letter A). This means that the maximum blob size is equivalent to a blob that is equal to 30 singlets. This value falls in the range of values reported in Chatzis et al. (1983) , where large blobs ranging in size from 3 to 60 singlets were experimentally determined. On the other hand, optimised values for the same parameter but for the Beta DS model ranges from 14 to 80, which is high range of variability, suggesting the need of a more parsimonious model in case over fitting occurs. Previous work by Hamed et al. (2000) suggested a value of forty (40) for this parameter in the non-optimised Beta DS model. This value is shown in Table 2 as one of the optimum regions detected by the grid search, but the optimisation runs revealed that this is only a suboptimum value.
Table 3
Optimised parameters for different optimisation runs for the first dataset It should be emphasised that The Maximum Volume Multiplier does not change with time, as it is the upper bound on the size of the initial NAPL blob sizes. What changes with time, however, is the distribution of NAPLs across the range of NAPL blobs, from the minimum to the maximum blob sizes. The 'shrinking' mechanism is accommodated through updating the blob size as modelling time progresses. Similar optimisation runs (referred to as B1-B3, as mentioned earlier) were undertaken on the second dataset for both Pareto and Beta DS models (Table 4 ). The Maximum Volume Multiplier took on values ranging from 26.4 to 28.4 for the Pareto DS model and ranging from 31.8 to 32.2 for the Beta DS model (Table 4(a) ). The maximum Volume Multiplier is quasi-stable for the dataset B and so is the exponent; but the d-parameter of the Beta distribution covers a much wider range from 3.5 to 12 (Table 4( b) ). Furthermore, the SSEL is low for the component for which the fit is optimised; but is relatively high for the other component, leading to a higher total SSEL. This is indicative of over-fitting. On the other hand, the α parameter of the Pareto DS model ranges from 0.07 to 0.1 for the first dataset A (Table 3 (a)) and is quasi stable around 0.175 for the second dataset B (Table 4 (a)); suggesting that it is the main fitting parameter depending on the chemical properties of the NAPL. However, the Maximum Volume Multiplier in the Pareto DS model is quasi stable for the two datasets and thus is not dependent on chemical composition of the NAPL. The variation in the α parameter is small and also is the variation in the SSEL as well as the total SSEL. The Pareto model does not exhibit signs of over-fitting and its results are even better than the optimised Beta model for the second dataset B and slightly inferior in the first dataset A. In general, the Beta DS model is slightly superior to the Pareto DS model, especially for the first dataset A (Table 3) . Nonetheless, the Pareto DS model is more robust with stable parameters all over different optimisation runs of the same dataset. Moreover, since the optimised parameters for the Pareto DS model runs are quasi equal, one could use any of the optimised parameters for any of the three NAPL constituents to predict the other two. This characteristic underlines the generalisation capabilities of the Pareto DS model, possibly because of its reduced number of parameters and the stability of the Maximum Volume Multiplier values.
The Pareto DS model fit for the four optimisation runs is shown in Figure 7 (a)-(d) for the first dataset and in Figure 8 
Comparison with other models
The results of the Pareto Distributed Site model and the Beta Distributed Site model were compared with three other models fitted to the first dataset; namely the four-parameter two site model (Nelson, 1997) , the multi-site model with ten parameters used in Garg and Rixey (1999) , and finally the non-optimised Beta distribution DS model with six parameters used by Hamed et al. (2000) and finally the optimised Beta DS model. The results of the fitting of the above-mentioned three models are shown in Figure 9 (a)-(c). The two-site model was fitted to the most severely mass transfer limited region though it could have been used to fit any one of the mass transfer limited regions.
The two-site model was able to capture some of the breakthrough characteristics, but the transitional region is not well matched. The fitting to the m-xylene data, for example, differs considerably from the experimental data in the transitional region. The multi-site model closely follows the m-xylene and toluene curves better than it does for the benzene curve. It looks as if the multi-site model favours less soluble constituents persistent over time. The non-optimised Beta DS model fits all three NAPL components alike. It captures the trend of the three curves but with a less close fit.
Visually, it appears that the Pareto DS model fitted for total SSEL (shown in Figure 6(d) ) surpasses the two-site and multi-site models as well as non-optimised Beta DS model, and is slightly inferior or equal to the optimised Beta DS model. However, a thorough statistical analysis is required before confirming this visual observation.
The results of the multi-site model, the Beta DS and the Pareto DS models were compared based on three statistical criteria, namely the Root Mean Squared of the Error of the Logarithms (RMSEL), the Mean Absolute Prediction Error (MAPE) and the Bayesian Information Criterion (BIC). Each of the three previously mentioned criteria is calculated as an average of its values for the three NAPL constituents. The three comparison criteria are defined as follows:
1l og( ) log( ) 100 log( )
where m p is the total number of parameters used in the model. The BIC is formulated in such a way so as to take into consideration the variability of the residuals, which is not explained by the model, together with a penalty increasing with the increase in the number of estimated parameters (Schwarz, 1978) . Therefore, it is a good criterion to choose between models; the lower the BIC the better is the model's generalisation. Generalisation typically refers to the ability of the model to provide adequate fit to the experimental data, without over fitting or under fitting. Table 5 presents the comparison between the three models based on the above-mentioned three criteria, only for the first dataset for which the Multi-site and the non-optimised Beta DS model results are available. From Table 5 , one can deduce that the Beta DS model is as good if not better than the multi-site model. The optimised Beta DS model is the best model in terms of Average RMSEL and MAPE. However, the improvement of the fitting by using the 4-parameter over that obtained using the 2-parameter Pareto model was minor as shown in Table 5 . For example, improvements in Average RMSEL, and MAPE, in using the Beta model with the greater parameters were only 6.8% and 6.7%, respectively. The Pareto DS model is better than the Non-optimised Beta DS and the multi-site models in all three comparison criteria. Although the average RMSEL and MAPE for the Pareto DS model are slightly worse (higher) than the optimised Beta DS model, its small BIC indicates its high generalisation capabilities. This higher generalisation capacity was previously mentioned in its small parameter variation and overall SSEL. This is also suggested from the visual comparison between Figure 7 (d) and Figure 9(a)-(c) , as was previously mentioned. 
Conclusions
A dissolution model for multi-component NAPL is presented. The model builds upon the distributed site model developed by Hamed et al. (2000) , and uses the Pareto distribution to model the sphere volume of NAPL blobs. The distribution is then divided into bins. The uses of the 'Pareto Distributed-Site' modelling assumptions (a sphere volume Pareto distribution function, the sphere geometry assumption, the Wilson-Geankoplis relationship for the Sherwood Number, the effective surface area term, the linear concentration gradient, etc.) all combine to generate mass transfer coefficients for each of the bins.
The optimal set of model parameters was obtained using a formal constrained non-linear optimisation technique. The Pareto modelling approach was applied on results of two soil column experiments, and the results show that the model is efficient in matching the effluent data. The results of the Pareto DS model, with only two fitting parameters, were compared to two-site, multi-site models as well as Beta distributed-site model. The comparison revealed that the Pareto DS model is superior in a number of error norms than the rest of the models.
